A lagged adaptive adjustment mechanism has been developed to stabilize a high-order discrete system. Theoretical proofs and computer simulations have been provided to show the effectiveness and efficiency of this new mechanism in practice. The mechanism ensures that the adjusted system converges to its generic fixed points and achieves the convergence with a high speed. Besides, it requires neither a priori information about the system itself nor any external generated control signal.
dimensional discrete system. This mechanism, while inherited from the adaptive expectation scheme widely applied in economics, possesses many unique advantages over the others such as (i) demanding neither a priori information about the system itself nor any external generated control signal and (ii) always forcing the original system to converge to its generic periodic points. In this article, we apply the same adaptive adjustment principle to the stabilization of an unstable high-order discrete system. A lagged adaptive adjustment mechanism is proposed. Theoretical proofs and computer simulations have been provided to show the effectiveness and efficiency of this new mechanism in practice.
The paper is organized as follows. Section 2 will briefly introduce the concept of adaptive adjustment mechanism studied in Huang (2001) . Section 3 discusses the unique characteristics of a high-order discrete dynamical system and proposes a lagged adaptive adjustment mechanism. Section 4 focuses on two special cases: uni-lagged adjustment and uniformly lagged adjustment. Concluding remarks are addressed in Section 5.
Consider an n-dimensional dynamical system defined by Xt+l F(Xt), (1) where Xt (Xlt, x2t, . .., Xnt), and F (fl ,f2,...,fn), with j being well-defined functions on a domain in R n. DEFINITION 1 By adaptive adjustment mechanism, we mean the following adjusted system: Xt+l 'r (I l-')F(Xt) + I'Xt, (2) where F diag Yl, Y2, % is a diagonal matrix and is referred to as an adaptive parameter matrix. The value of Yi represents the adjustment speed for ith variable (i 1,2,...n) and is assumed to vary in a conventional range [0, 1] and in a generalized range [1,+oo] With the same transformation given by Eq. (4), the equivalent multi-dimensional counterpart for Eq. (7) is
The differences in implementation between an adaptive adjustment mechanism and a lagged adaptive adjustment are clearly self-evident in Eqs. (6) Proof. We start with the "when" part, that is, the sufficient condition. The related Jacobian evaluated at the unstable fixed point y for Eq. (8) 
where for 1,2,...,n.
The sufficient condition for the existence of the solution 3' of Eq. (13) --(1-(3/1 + 3/2))f-3/2 < 1,
(1 (3/1 + 3/2))(f +f) + (3/1 + 3/2) < 1,
(1 (3/1 --
( For a general second-order discrete system yt f(Yt-I,Yt-2), the lagged adaptive adjustment is achieved through Yt (.Yt-Yt-2)
(1 (3/1 + 3/2))f(Yt-l,Yt-2) + 3/lYt-+ 3/2Yt-2.
(17)
The Jacobian of Eq. (17) at any specified fixed point y is thus given by
Denote -(1 (3/1 + 3/2))f1 + 3/1 trace of f, With the background in Example 1, we then provide some numerical simulations.
Example 1: Delayed logistic system Consider the following second-order discrete system: To implement a lagged adaptive adjustment mechanism yt (Yt-l,yt-2) (1 3'1 y2)(4ayt-l(1 yt-1)
and stabilize the system, the inequalities (19)- (21) The effectiveness of lagged adaptive adjustment are shown in Fig. 3 , where trajectories starting at the same initial points as in Fig. 2 are stabilized in a few iterations.
UNI-LAGGED ADJUSTMENT AND UNIFORMLY ADJUSTMENT
Now we turn to consider two special cases of lagged adaptive adjustment mechanism.
Uni-lagged Adjustment
The first special case we are interested is when one lagged variable alone is used as feedback to adjust the original system adaptively. Apparently, neither all systems nor all fixed points can be stabilized through uni-lagged adjustment. This can seen clearly from Fig. 1, in which, when a 1/16, the original system can be stabilized through a uni-lagged adjustment either in Yt-1 or in But when a 15/16, the original system can be stabilized through a uni-lagged adjustment in Yt-1 only, the computer simulations of which are present in Fig. 6 (comparing to the original dynamics depicted in Fig. 5. An h-stage lagged adjustment is resulted from 39 0 for all j h, j 1,2,...n and % /> 0 in Eq. (7).
Therefore, condition (10) is a necessary condition for the success of the mechanism.
The following theorem offers a general necessary condition for uni-lagged adjustment in additional to the condition (10).
Theorem 3. For a high-order discrete dynamical system defined by Eq. (3), with f being first-order continuous, the unstable fixed point y cannot be stabilized through an hstage lagged adaptive adjustment defined by Eq. (27) 
the following two equalities have to hold simultaneously: given unstable fixed point, the system can be stabilized to it through a one-stage lagged adjustment given by Yt-- 
(1 3/1)(f/1 -]-f)+ 3/1 < 1,
(1 3/1)(Jc/1 -f) + 3/1 > -1.
Notice that the inequalities (29) and (31) can be easily satisfied by letting 3/1 1. Iff] +f < 1, by letting 3/1 1 e, e > 0 and e--, 0, the inequality (30) Therefore, we can conclude that, as long as f] +f # 1, a second-order discrete system Yt =f(Yt-l,yt-2) can be stabilized through an adaptive feedback from yt-1.
However, for the case of the second-stage lagged adjustment (3/1 0 and 3/2 > 0), the conditions (19)- (21) reduce to -(1 3/2)f 3/2 < 1,
(1-y2)(fl +f)+ 3/2 < 1,
(1 3/2)(ffl -f)-3/2 > -1.
If f] f 1, the inequality (34) cannot hold for any 3/2, the lagged adjustment fails.
When f] +ff < 1 to meet the condition (33) 
-(1 23')f y < l,
By noticing that Yt y-if 3"--, 1 In, we may expect that the results stated in Theorem 2 still apply. In fact, for a second-order discrete system, we can have the following conclusion.
(1 23')(f11 +f) + 23' < 1, 
This is a third-order version of Hennon map and hence gives a pair of fixed points:
(1 33")g(xt-l,xt-2,xt-3) -t-3"(xt-1 -1-xt-2 + xt-3).
(40) Figure 8a shows a bifurcation diagram for the adjustment parameter 3'. We see that, when 0.1 < 3' < 1, the system is stabilized to 21, but when 1 < 3' < 0.5, the system is stabilized to 22. Two typical trajectories are overlapped in Fig. 8b . (1 A general lagged adaptive adjustment mechanism has been developed to stabilize a high-order discrete system.
A set of necessary and sufficient conditions for the success of such mechanism have been provided. The mechanism ensures that the adjusted system converges to its generic fixed points and achieves the convergence in a rather high speed. Besides, it requires neither a priori information about the system itself nor any external generated control signal. We also discuss the two special situations of lagged adaptive adjustment mechanism: uni-lagged adjustment and uniformly lagged adjustment. Some necessary conditions are provided.
